We study for the first time the stability against scalar perturbations, and we compute the spectrum of quasinormal modes of three-dimensional charged black holes in Einstein-power-Maxwell nonlinear electrodynamics assuming running couplings. Adopting the 6th order WKB approximation we investigate how the running of the couplings change the spectrum of the classical theory. Our results show that all modes corresponding to non-vanishing angular momentum are unstable both in the classical theory and with the running of the couplings, while the fundamental mode can be stable or unstable depending on the running parameter and the electric charge.
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I. INTRODUCTION
A consistent formulation of quantum gravity is still an open task. Although so far there are several approaches to quantum gravity in the literature (see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] and references therein), most of them share a common property, namely that the basic parameters that enter into the action, such as Newton's constant, the electromagnetic coupling or the cosmological constant, become scale dependent quantities. This does not come as a surprise, since scale dependence at the level of the effective action is a generic result of quantum field theory. Scale dependent couplings are expected to modify, and indeed they do, the properties of classical black hole backgrounds (see section 2 below).
Black holes (BHs), a generic prediction of Einstein's General Relativity (GR), are way more than just mathematical objects. After Hawking's seminal work [10, 11] in which it was shown that BHs emit radiation from their horizon, these objects have become of paramount importance in theories of gravity, and an excellent laboratory to understand quantum gravity. Greybody factors and quasinormal modes are of special interest that have attracted a lot of attention over the last years. First, greybody factors are frequency dependent quantities that measure the modification of the original black body radiation, since the emitted particles feel an effective potential barrier that backscatters a part of the outcoming radiation back into the black hole. On the other hand, (in)stability of a system and how it responds to a small external perturbation have been always important issues in physics. In particular, stability of BHs against * Electronic address: arrincon@uc.cl † Electronic address: grigorios.panotopoulos@tecnico.ulisboa.pt small perturbations is an old subject started with the works of [12] [13] [14] [15] [16] [17] (see also Chandrasekhar's monograph [18] ). Quasinormal modes (QNM) with a non-vanishing imaginary part, depend entirely on the few BH parameters, and thus they contain unique information about the mass, electric charge and angular momentum of black holes. After the LIGO direct detections of gravitational waves [19] [20] [21] , that offer us the strongest evidence so far that BH exist and merge, QNM of black holes are more relevant than ever. By observing the quasinormal spectrum, that is frequencies and damping rates, we can determine the black hole parameters. Although greybody factors and quasinormal modes at first sight may seem completely unrelated, they are in fact closely related and differ only by the boundary conditions of the same mathematical problem, see section 3. For a review on BH QNM see [22] , and for a more recent one [23] .
Gravity in (1+2) dimensions, mainly due to the absence of propagating degrees of freedom as well as its deep connection to a Yang-Mills theory with only the Chern-Simons term [24] [25] [26] , is definitely special and allows us to study BH that share properties of their fourdimensional counterparts, such as Hawking radiation and thermodynamical properties, in a simpler mathematical framework. In the original BTZ black hole [27, 28] the presence of a cosmological constant was crucial for the existence of the BH horizon. If, however, the black hole is electrically charged there is a horizon even without the cosmological constant. Standard Maxwell's electrodynamics in four dimensions is both linear and characterized by a traceless energy momentum tensor. In (1+2)-dimensional spacetimes, however, in the linear theory the trace of the stress energy tensor does not vanish any more. It is straightforward to generalize the theory by assuming a non-linear electrodynamics described by the Lagrangian density L = F k , where F is Maxwell's invariant and k is an arbitrary rational number. In this class of arXiv:1801.03248v1 [hep-th] 10 Jan 2018 theories, called Einstein-power-Maxwell theories (EpM), the stress energy tensor is traceless for k = D/4, where D is the dimensionality of spacetime. Therefore, if k = 3/4 we have a non-linear theory in 3 dimensions with vanishing trace of the energy momentum tensor. Black hole solutions in 3 and higher dimensions have been obtained in [29, 30] , while the running of couplings either in BTZ or in EpM theory in (1+2) gravity has been investigated in [31, 32] .
It is the aim of the present work to study for the first time the stability and compute the quasinormal spectrum of charged black holes in three-dimensional EpM nonlinear electrodynamics. Our work is organized as follows: After this introduction, we present the model and the BH solution in section 2, while in the third section the effective potential for scalar perturbations is presented. In section 4 we obtain the quasinormal modes, and finally we conclude our work in the last section. We use natural units where c = 1 = and metric signature (−, +, +).
II. SCALE DEPENDENT BLACK HOLE SOLUTION IN EPM THEORY
In this section we briefly summarize the model, the equations of motion and the solutions both for the classical and the scale dependent EpM theory. The notation follows closely that of previous works on the subject [31] [32] [33] [34] [35] .
A. Classical EpM
First we consider the classical action
where R is the Ricci scalar, G 0 = κ 0 /8π and e 0 are the gravitational and electromagnetic couplings respectively, F = (1/4)F µν F µν is the Maxwell invariant, F µν = ∂ µ A ν − ∂ ν A µ is the electromagnetic field strength tensor, and k is the arbitrary rational number that defines the theory. Varying with respect to the Maxwell field A µ we obtain its equation of motion
while varying with respect to the metric g µν we obtain Einstein's field equations
where
ν is the electromagnetic energy momentum tensor. For circularly symmetric solutions we make the ansatz
and therefore one has to determine a set of two functions f 0 (r), E 0 (r), that correspond to the metric function and the electric field respectively. Assuming k = 3/4 the solution is found to be
where M 0 and Q 0 are the classical values of the mass and the electric charge of the BH respectively. Given the solution it is straightforward to compute some properties of the BH, such as event horizon r 0 , Hawking temperature T 0 and Bekenstein-Hawking entropy S 0 , which are found to be
B. Scale dependent EpM
Now we move on to the scale dependent EpM theory, which is described by the action
Note that now we have the same couplings as before, but they are scale dependent, κ k = 8πG k and e k . In addition, in this case there three independent fields, namely the metric g µν (x), the electromagnetic four-potential A µ (x), and the scale field k(x). Einstein's field equations as well as the equation of motion for the Maxwell potential maintain their form
and
where the couplings are the scale dependent ones, and also the matter energy momentum tensor T effec µν is given by
with the additional object ∆t µν defined as follows
At this point a couple of remarks are in order. The renormalization scale k is not a constant, and since there is one consistency equation missing the corresponding system of equations of motion is not a closed one. This implies that the energy momentum tensor is not conserved. Despite that, this kind of problem has been studied, at least at the level of renormalization group improvement of black holes in asymptotic safety scenarios [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . In order to fix the aforementioned problem, we can use the so-called principle of minimal sensitivity [33, [51] [52] [53] [54] . This allows us to obtain an additional equation using the effective action (11) and taking the derivative of it respect to the renormalization scale k, i.e.
Using Eq. (16) and the corresponding equation of motion, we are able to recover the usual energy momentum tensor conservation (for additional details check [55] and references therein). A problem is still present: we need to know the explicit form of the the beta function and, in many cases, the precise expression of the beta functions is unknown (or at least unsure). To avoid this problem, we can use additional constraints as was previously reported in Ref. [32] , for instance the null energy condition
with l µ being a null vector. With this, we can solve the problem for the couplings G(r), e(r) etc directly [31, 34, 56, 57] . This philosophy of assuring the consistency of the equations by imposing a null energy condition will also be used in the present work. Finally, assuming the same ansatz as before for circularly symmetric solutions, the lapse metric function is computed to be
where is the running parameter which let us move from the classical solution ( = 0) to the scale dependent one ( = 0). With this new metric function the horizon r H , the Hawking temperature T H as well as the BekensteinHawking entropy are computed to be (at leading order in )
which confirms our initial statement that the running of the couplings modify the properties of the classical BH backgrounds.
III. SCALAR PERTURBATIONS
In this section we study the propagation of a probe minimally coupled massless scalar field Φ(t, r, φ) in a given gravitational background of the form
with a known lapse metric function f (r). The starting point is the well-known wave equation
which is a partial differential equation for the scalar field. Next we seek solutions where the time and angular dependence are known as follows
with m being is the quantum number of angular momentum. Using the above ansatz it is straightforward to obtain the radial equation, which is an ordinary differential equation
where the prime denotes differentiation with respect to radial distance r. Next we recast the equation for the radial part into a Schrödinger-like equation of the form
by defining new variables, a dependent R → ψ as well as an independent one r → x as follows
with x being the so-called tortoise coordinate. Therefore we obtain for the effective potential the expression
which as a function of the radial coordinate can be seen in Figures 1 (for 3 different values of the running parameter) and 2 (for 3 different values of the electric charge). Finally, the Schrödinger-like equation must be supplemented by appropriate boundary conditions, which for asymptotically flat spacetimes are the following
where A, C + , C − are arbitrary constants. Up to now, following the procedure just described one can compute the so-called greybody factors (GBF), which as already mentioned in the introduction show the modification of the spectrum of Hawking radiation due to the effective potential barrier, and where the frequency is real and takes continuous values. For an incomplete list see e.g. [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] and references therein. Now the QNM are determined requiring that the first coefficient of the second condition vanishes, i.e. C + = 0. The purely ingoing wave physically means that nothing can escape from the horizon, while the purely outgoing wave corresponds to the requirement that no radiation is incoming from infinity.
We thus obtain an infinite set of discrete complex numbers ω = ω R + ω I i called the quasinormal frequencies of the black hole. Given the time dependence of the probe scalar field Φ ∼ e −iωt , it is clear that unstable modes correspond to ω I > 0, while stable modes correspond to ω I < 0. The real part of the mode ω R determines the period of the oscillation, T = 2π/ω R , while the imaginary part |ω I | describes the decay of the fluctuation at a time scale t D = 1/|ω I |.
IV. QN SPECTRUM OF SCALE DEPENDENT CHARGED BH IN EPM THEORY
As usual in Physics, obtaining exact analytical solutions of realistic problems is extremely hard, and very few cases are known to exist. Computing the QN spectrum of black holes is no exception, and it does not come as a surprise the fact that only in some special cases analytical expressions have been obtained [76] [77] [78] [79] [80] . In this work we adopt the well-known from standard Quantum Mechanics WKB approximation [81, 82] , which is very popular and has been applied extensively to the literature. For an incomplete list see e.g. [83] [84] [85] and for more recent works [86] [87] [88] [89] [90] and references therein.
Just to fix the notation, the QN frequencies are given by (31) where n = 0, 1, 2... is the overtone number, ν = n + 1/2, V 0 is the maximum of the effective potential, V 0 is the second derivative of the effective potential evaluated at the maximum, while Λ(n), Ω(n) are complicated expressions of ν and higher derivatives of the potential evaluated at the maximum, and can be seen e.g. in [84, 89] .
Here we have used the Wolfram Mathematica [91] code with WKB at any order from one to six presented in [92] . We work with the lapse metric function presented in section 2
where G 0 , Q 0 , M 0 are the classical values of the gravitational coupling, the electric charge and the mass of the BH respectively. From now on for simplicity we drop the index 0. In the following we fix G = 1 = M , and we give emphasis on the effect of the running on the spectrum, rather than computing as many frequencies as possible, considering 3 values of the angular momentum, namely m = 0, 1, 2 and n = 0, and 3 values of the running parameter, namely = 0, 0.05, 0.1. Note that contrary to the standard Reissner-Nordström BH as well as to the charged BH in four-dimensional EpM theory, where there are an inner and an outer event horizon (and also extremal BHs), here there is a single event horizon. We summarize our results in the tables I, II and III below, while figures 3 and 4 show the real and the imaginary part of the frequencies respectively versus the electric charge Q for the fundamental mode m = 0 = n. Each table corresponds to a certain (m, n) pair, in which we show the spectrum for several values of the electric charge and for 3 values of the running parameter, namely = 0 (classical case), = 0.05 and = 0.1. In figures 3 and 4 the 3 curves correspond to these 3 values of the running parameter. We see that for m = 1 and m = 2 both the real and the imaginary part of the frequencies is positive, and thus the modes are unstable. The frequencies increase with the angular momentum and slightly with the running parameter, and decrease with the electric charge, but they always remain positive. In addition, for m = 0 we observe the following features: a) In the classical case = 0 the modes are stable, while b) when we consider running of the couplings the modes are stable up to a certain value of the electric charge Q * , after which the frequencies acquire a positive imaginary part. This special value is Q * = 2.13 for = 0.05 and Q * = 1.39 for = 0.1. In previous works [93, 94] a similar behaviour was observed, albeit in a completely different context. In particular, in [93] it was shown that modes are stable for m ≤ 0 and unstable for m > 0, while in [94] the imaginary part of the modes change sign for a certain value of the graviton mass. 
V. CONCLUSIONS
To summarize, in the present work we have studied the stability against scalar perturbations of a threedimensional charged BH in EpM theory assuming running couplings. We have considered the case k = 3/4 for which the electromagnetic stress energy tensor is traceless. Starting from the wave equation for a massless scalar field we have obtained a Schrödinger-like equation with an effective potential, and we have adopted the sixth order WKB approximation to obtain the quasinormal modes. Our numerical results have been summarized in tables, and we have shown graphically the dependence of the real and the imaginary part of the spectrum on the electric charge for 3 values of the running parameter. Our findings show that i) all modes corresponding to m > 0 are unstable, and ii) the fundamental mode without running is stable, while with running it is stable only up to a certain value of the electric charge, which is determined. 
